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Abstract. In this paper we obtain new inclusion and coincidence theorems 
for absolutely or multiple summing multilinear mappings. In particular, we 
derive optimal coincidence theorems of Bohnenblust-Hille type for multilinear 
forms on X-convex Banach spaces of cotype 2. 



1. Introduction and background 

For linear operators it is well-known that ifl<p<g<oo then every 
absolutely p-summing operator is absolutely (/-summing; this type of result is 
called "inclusion theorem". For multilinear mappings the situation is different 
and there is no similar result, in general. Such results for multilinear mappings 
have been investigated by several authors in the recent years (see [7J [151 EH E3] ) 
and the present paper presents new contributions in this direction. 

Recently, in [3J, [TJ, [T5] , complex interpolation arguments were used in order to 
obtain inclusion and coincidence theorems for spaces of absolutely summing and 
multiple summing mappings involving spaces of cotype 2; the interpolation results 
were based on the paper [12]. In this paper, among other results, we investigate 
similar results for the cases of spaces with cotype greater than 2 as well as for 
£oo-spaces. We also show that in some situations our results are optimal. 

The roots of this line of investigation for multilinear mappings (and of the 
search for coincidence results) can be traced back to Littlewood's celebrated 4/3 
theorem for bilinear forms [16] and its following generalization due to Bohnenblust 
and Hille @]: 

If A : Co x ■ ■ • x c —>■ K is a continuous n-linear form, then there is a constant 
C n (depending only on n) such that 

n + l 

/ OO \ 2n 

(1) E <C n |L4||. 

\il,...,t n =l / 

The case n = 2 recovers the classical Littlewood 4/3 theorem. 

In order to realize that Bohnenblust-Hille's theorem is in fact a predecessor 
of today's coincidence theorems for multilinear mappings, it is worth mentioning 
that a reformulation of (TTT) , due originally to Perez-Garcia, asserts that for every 
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Banach spaces Ei, . . . , E n , every continuous n-linear form on E 1 x ■ ■ • x E n is 
multiple (^rf ; 1, • • • , l)-summing. The case E 1 = ■ ■ ■ = E n = c recovers ([T]) as 
a particular case. Using the notation introduced below, this result can be stated 
as: 

(2) £(E U ...,E n ;K)= C ms ,2n_ J • • • ,E n ;K), 

which makes clear what we mean by a coincidence theorem. Recently, the authors 
in [13] have provided a unification and extension of several results related to the 
original Bohnenblust-Hille result, in particular of a vector valued variant from 

Our paper is organized as follows: After fixing some notation in section El we 
present our abstract approach to inclusion and coincidence results for absolutely 
and multiple summing multilinear operators using complex interpolation theory 
in section [3] and section HJ respectively. In section [5j we focus on Bohnenblust- 
Hille type results for multiple summing multilinear operators defined on spaces 
of finite cotype - note that so far, most results of Bohnenblust-Hille type have 
been dealing with multilinear operators defined on co-spaces. A short appendix 
provides a clarification of some complexification arguments used throughout the 
paper. 

2. Notation 

Let N denote the set of natural numbers, E, E\, . . . , E n , F denote Banach 
spaces over IK = R or C. For the notions of cotype q > 2 and £ p -space we 
refer to [14J. For p > 1, by l p (E) we mean the spaces of absolutely p-summable 
sequences in E\ we represent by l p (E) the linear space of the sequences (xj)j? =1 
in E such that ((p(xj))'jL 1 G l p for every continuous linear functional tp : E — > K. 
The map 

ll(zj)£Lilk P : = su p \\(f( x j))T=i\\p 

ipeB E , 

defines a norm in 1^{E). When the sequences are finite (with m terms) we write 
I™ and l™^ instead of l p and 1™ , respectively. When p = oo we define 

\\(Xj)?=l\\ W ,oo ■= SUpHxJ, 

i.e., 

IZ(E)=UE). 

By C(E; F) we denote the Banach space of all bounded linear operators between 
the Banach spaces E and F, and by C as ( p - q )(E; F) the class of all absolutely 
(p; g)-summing linear operators (1 < q < p < oo), endowed with the usual norm 
ll-ilas(g-p) • T ne s P ace °f an continuous n-linear mappings A: E x x • • • x E n — > F, 
with the sup norm, will be denoted by C(Ei, . . . , E n ; F). If E\ = • • • = E n = E 
we write C( n E; F). 
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From now on, if 1 < q < oo, the symbol q* represents the conjugate of q. It 
will be convenient to adopt that 

^ = 

oo 

for any q > 0. 

3. Absolutely summing multilinear operators 

Definition 3.1. Let 1 < pi, . . . ,p n , <? < oo such that 1/q < 1/pi + . . . + l/p n . 
An n-linear mapping T G C(Ei, E n ; F) is absolutely (q;pi, ■■■,p n ) -summing if 
there exists C > such that 




(3) i^iiT(^...,*nn <^n (4 




r=l 



) 

W,p r 



(r) 

for every m G N and Xj G -E r , j = l,...,m and r = l,...,n. For q = oo, 
the left-handside has to be modified as usual, taking the supremum over all 
II T(xf\...,x^)\\. 

In this case we write T G £ as ( q;pi ^^ tPn }(Ei, E n ; F), and 7r as ( g;pii ... iPn ) (T) de- 
notes the infimum over all C as in the above. If p\ — ■ • ■ — p n — p, we write 
-C os ( 9; p) instead of C as ( q . Pi ... jP ). If g = pi = ■ ■ ■ = p n , we write C as>q instead of 
C-as(q;q,...,q)- The case q = oo clearly does not define anything new, but it will be 
very helpful for interpolation purposes, since 

for 

1 1-9 



r p 

with isomorphism constant independent of m. The next simple lemma will be 
used several times along this paper: 

Lemma 3.2. C as ( 00 - pu _ tPn )(Ei, ...,E n ;F) = C(E 1 , ...,E n ;F) with equal norms, 
regardless of the choice of 1 < pi, . . . ,p n < oo. 

Historically, the first coincidence result for absolutely summing multilinear 
mappings is Defant-Voigt Theorem (see [Tj Theorem 3.10]), which we state below: 



Theorem 3.3 (Defant-Voigt Theorem). For every Banach spaces Ei, ...,E n , 

^as,i(-Ei, • • • , E n ; K) = C(Ex, . . . , E n ; K). 

A first general inclusion formula can be found in [T7] : 

Proposition 3.4. Let the indices p < q and p^ < q^, % — 1, . . . , n be such that 
— ^" + -- -^"~ %> — ql ^ ' ' ' q^. ~ q' Then /2 as (p. pii ... jPri ) C £ as ( g;gij ... ign ). 
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3.1. Sandwich-type results. 

Proposition 3.5. Let l<p<r<q<oo and 1 < 
pi,...,p n ,qi,...,q n ,ri,...,r n < oo such that 1/t < l/t x + ... + l/t n for 
t e {p,q,r}, and T e C(E X , . . . , E n ; F) . Then T e Cas( P ; Pl ,...,p n ) 
implies T G >C as ( r;rii ... jr . n ) ; provided that there exists < 9 < 1 such that 
1/r = (1 — 9)/p + 9/q, and for all i = 1, . . . ,n it holds l/Vj = (1 — ff)jpi + 9/qi 
and one of the following conditions is satisfied: 

(i) Ei is an Coo-space; 

(ii) Ei is of cotype 2 and 1 < Pi, qi < 2; 

(Hi) Ei is of finite cotype Si > 2 and 1 < p i: q { < s*; 
(iv) Pi = q i = n. 

Proof. We prove the complex case, and the real case then follows by complexifi- 
cation as described in the appendix. Let < 9 < 1 be so that 

1 !~0 9 

4 - = + -. 

r p q 

By assumption the map T generates bounded operators 

% : I^JE,) X • • • x lZ, w ( E n) - W 
% : I^JE,) x ■ • • x lZ, w (E n ) -> /-(F) 

Applying the complex interpolation method to these n-linear operators we get a 
linear operator 

T (e) ■ [ l p n 1 , w ( E i)J q n 1)W (Ei)] x ■■■ x [l^ n)W (E n ),l q n n)W (E n )] d 
with 



[l™(F),l™(F)] e 













T (S) 


< 


f 




f 



This operator satisfies 



T {e) [{xf)J =v ...,{xfX=i 



T(x 



(i) 



(n). 



3=1 



I < i < n. 



for all sequences (xf>)f =1 in [^(^), 

By jH Theorem 5.1.2] we have [l™(F)J q (F) m ] d = 1™(F) isometrically with r 
as in (jlj). Using the natural isometric identification I™ (E^) = I™ ® £ E i: we will 
now see that for alii = 1, . . . , n 

with isomorphism constant not depending on m. With this, we can identify the 
operator with the map 

f r :^)x...x^)->m 
and this gives us T e £ as (r;n,...,r n )(-Ei, ■■■,E n ; F). 
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Coming back to (jSJ), this is clear if condition (iv) is fulfilled. The apropriate 
statement under the assumptions in (ii) can be found in [T2J Theorem], for (iii) in 
[LSI Theorem 1]. To see that it holds under the assumptions in (i), first localize 
and then simply use the fact that ^ jW (4o) = £3> e = 4oCO and complex 
interpolation of vector- valued 4>' s - More precisely, we have 

KAt)^At)\e = [4,(04.(0' = 4.(0 = l nAt) 

for 

1 1-9 9 

ri Pi qi ' 

with isomorphism constant independent of m and k. □ 

For p = pi = . . . = p n , q = qi = . . . = q n and r = r\ — . . . — r n , Theorem 13.51 
gives the following: 

Corollary 3.6. Let 1 < p < r < q < oo and T e C{E U . . . , E n ; F). Then 
T G C as , P H £ as ,q implies T G C as>r in each of the following cases: 

(i) Ei, . . . ,E n are all Coo-spaces; 

(ii) 1 < p < r < q < 2, and each Ei is either an Coo-space or of cotype 2, 
i = l,...,n; 

(iii) l<p<r<q<s*<2, and each Ei is either an Coo-space or of finite 
cotype s > 2, i — 1, . . . , n. 

Proof. Choose < 9 < 1 such that 1/r = (1 — 9)/p + 9/q and apply Proposi- 
tion [33J □ 

3.2. Inclusion theorems for operators on spaces with finite cotype. The 

following result extends [T5], Theorem 3] to spaces with finite cotype > 2. Note 
that while in the linear case we have a directed oriented inclusion, that is, 

r < q C as>r (E; F) C C as>q (E; F), 

we are about to show that in the multilinear case the inclusion sometimes holds 
in the opposite direction. It is worth noting that now we need the hypothesis 
n > s in (ii) of the next theorem. 

Theorem 3.7. Let 1 < r < q < oo. Then C as , q (Ei, . . . , E n ; F) C 
C aSjr (Ei, . . . , E n ; F) if one of the following conditions holds: 

(i) 1 < r < q < 2, and E%, . . . , E n of cotype 2 and n > 2; 
(ii) l<r<q<s*<2, E\, . . . ,E n of finite cotype s > 2, and n> s. 

Proof, (i) is already known by [151 Theorem 3]. (ii) From [61 Theorem 2.5], we 
know that 

C as ,i(E 1 , . . . , E n ; F) = C(E X , . . . , E n ; F) 

holds true for n > s and all Banach spaces F provided that all Ei have cotype s, 
i = 1, . . . , n. Now apply Corollary 13.61 with p — 1. □ 
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Remark 3.8. In the linear case we have C aStP (E; F) = C as ^ q (E; F) whenever E 
has finite cotype s > 2 and 1 < p < q < s* (cf. [T4"t Corollary 11.16]). More re- 
cently, it was shown in [21] and [9] (independently) that a similar statement holds 
for multiple summing operators (for the notation we refer to the next section): 
C mSiV (E 1: . . . , E n ; F) = Cms^Ex, . . . , E n ; F) whenever all E { have finite cotype 
s > 2 and 1 < p < q < s* . Later on in subsection 14. 2\ we will give an alternative 
proof of this result. 



Using Theorem I3.3[ a similar argument gives the following stronger result for 
the scalar- valued case (note that here, there is no need of the hypothesis n > s): 

Theorem 3.9. Let 1 < r < q < oo. Then C am {E x , . . . , E n ; K) C 
C as ^ r (Ei, . . . , E n ; IK) if one of the following conditions holds: 

(i) Ei, . . . ,E n all Coo-spaces; 

(ii) 1 < r < q < 2, and each Ei is either Coo-space or of cotype 2, i = 1, . . . , n; 
(Hi) l<r<q<s*<2, and each Ei is either Coo-space or of cotype s > 2, 

i = 1, ... ,n. 

3.3. Inclusions and coincidences for operators on £oo-spaces. For multi- 
linear operators on /^-spaces, surprisingly the usual inclusion in directed order 
holds, without any further assumptions on the indices involved: 

Theorem 3.10. Let 1 < p < r < oo and E\, . . . ,E n all Coo-spaces. Then 
C as , P (Ei, . . . , E n ; F) C C as , r (Ei, . . . , E n ; F). 

Proof. This follows immediately from Lemma 13.21 and Corollary 13.61 with q = 
oo. □ 

Corollary 3.11. Let E\, . . . ,E n be all Coo-spaces and F a space of cotype 2. 
Then C(E 1 , . . . , E n ; F) — C as , r (E u . . . , E n , F) for all 2 < r < oo. 

Proof. Use C{E U . . . , E n ; F) = £ aS)2 (^i, . . . , E n ; F) ([HI Theorem 2.10]) and 
Theorem EHU □ 

Remark 3.12. The above corollary also follows from the same (formally 
stronger) statement for multiple summing operators later on (Corollary I4.10p . 

For the scalar field K, the above can be strenghtened: 

Corollary 3.13. Let E\,...,E n be all Coo-spaces. Then C(E\, . . . , E n ; K) = 
C as ^ r (Ei, . . . , E n ; K) for all 1 < r < oo. 

Proof. This immediately follows from Theorem 13.31 and Theorem 13.101 □ 

Surprisingly, we can even prove the following much stronger result, that gen- 
eralizes [22, Corollary 2.5]: 

Theorem 3.14. Let E\, . . . , E n be all Coo-spaces. Then C(E±, . . . , E n ; K) = 
Cas(r;2r)(Ei, ■ ■ ■ , E n ;K) for all 1 < r < oo. 
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■,*£ } )IM <cf[ 

I r=l 


{Xj ) j= i 





Proof. Let T G £(£7 l5 . . . , £„; K). From [H Corolario 3.36] or [221 Corollary 2.5] 
we have T G £ a s(i ; 2)- Recall that from Lemma I3T21 we also have T G £ a s(oo ; oo); so 
we use Proposition 13.51 for p = l,pi = 2, q = qi = oo and = 1 — 1/r. □ 

Remark 3.15. Note that for n = 2, one may deduce the above from the inclusion 
result in Proposition 13.41 but not for n > 3. 

4. Multiple summing multilinear operators 

Definition 4.1. Let 1 < p\,...,p n < q < oo. An n-linear mapping T G 
C(Ei, i? n ; F) is multiple (g;pi, ...,p n )-summing if there exists C > such that 

(m 
E 
jl,...,jn = l 

for every m G N and x^p G -E r , j = l,...,m and r = l,...,n. For g = oo, 
the left-handside has to be modified as usual, taking the supremum over all 

II t(*£\ ...,*£>) || . 

In this case we write T G C ms ^ q - pl ^ ^ Pn )(Ei, E n ; F), and 7r ms ( gipir .. )2 , n ) (T) de- 
notes the infimum over all C as in the above. If pi = • • • = p n — p, we write 
£ms(q; P ) instead of £ ma ( 3 ; P) ...,p). If g = Pi = • • • = p„, we write C ms>q instead of 
£ms(q;q,...,q)- The case q = oo clearly does not define anything new, but it will be 
very helpful for interpolation purposes: 

Lemma 4.2. C ms ( oomt ... iPn )(Ei, E n ; F) — C(E l , ...,E n ;F) with equal norms, 
regardless of the choice of 1 < p±, . . . ,p n < oo. 

It is worth mentioning that the theory of multiple summing mappings is quite 
different from the theory of absolutely summing multilinear mappings and each 
concept, in general, needs different techniques. Just to mention an example, it is 
well known that in general 

C(Ei, . . . , E n ; K) 7^ £ms,i{Ei, . . . , E n ; K), 

and this behavior is different from what asserts the Defant-Voigt Theorem for 
absolutely summing multilinear forms. 

4.1. A Sandwich-type result. 

Proposition 4.3. Let l<p<r<q<oo and 1 < 
Pi, . . . ,p n , gi, . . . , q n , r 1; . . . , r n < oo such that tj < t for t G {p, q, r} and all 
i = l,...,n, andT G C(E ± , . . . , E n ; F) . Then T G C ms { J) . pir .. >Pn ) D £ ms {q m ,...,q n ) 
implies T G C m a( r ;ri,...,r n )> provided that there exists < 6 < 1 such that 
1/r = (1 — 6)/p + 9/q, and for all i — 1, . . . ,n it holds 1/Vj = (1 — Q)jp% + Qjq% 
and one of the following conditions is satisfied: 

(i) Ei is Coo- space; 

(ii) Ei of cotype 2 and 1 < pi, qi < 2; 
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(in) Ei of cotype s, > 2 and 1 < p i: < s*; 
^ ^ = q t . 

Proof. The proof for the case IK = C goes along the same lines as the one for 
absolutely summing multilinear operators in Proposition I3.5t just note that the 
exponent in the vector-valued range space of the operators involved is m n instead 
of m. Then complexification as described in the appendix proves the case K = 
E. □ 

Remark 4.4. With regard to the inclusion theorem due to Perez-Garcfa [2T] 
which states that C m s, P Q C-ms,q if 1 < V < Q < 2, it is superfluous to state 
analogs of Corollary 13.61 (ii) and (iii); the case of /^-spaces will be dealt with in 
Section 4.3. 

4.2. Reverse inclusions for multiple summing mappings. Analogs of The- 
orem 13.71 for multiple summing operators have been given recently in [24J and 
(independently) in In this section we present a quite simple approach for 
these results, based only in the linear theory. 

Lemma 4.5. Let 1 < r < 2. If 'Ex, ...,E n have cotype 2, then 

C-ms,r{Ex, • • • , E n ; F) C C mS) x(Ex, . . . , E n ; F). 

Proof. Suppose that A G C ms , r (Ex, ■ ■ ■ , E n ; F). Let (zj)j G l™{E k ), k = 1, n. 
Since E k has cotype 2, we have 

(7) C as ,r*{cQ \ E k ) = £(c ; E k ) 

for every k = l,...,n. We know, from [T4"l Proposition 2.2], that there exist 
continuous linear operators 

u k : c — ► E k 

so that u k {ej) = z!j for every j. Since {ej) j G Ii(cq), it follows from ((Tj) and [1 
Lemma 2.23] that 



(# } ), = (wo* 



with (a)*^ G Z r * and (yf ^ G Then 



E 

Jlr-,jn = l 



1 4 f 



OO 



oo 



< 



(1) (n) 

\a)'..a) ' 



E 

Hence A G £ ms ,i(£i, • • • ,E n ;F). 




y. 



(n) 



1/r 



< OO. 



□ 
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Theorem 4.6. If Ei, E n have cotype 2, then 

£"ms,p(E\) . . . , E n} Fj C ms ^ r (yE\^ • • • i E nj Fj 
for every 1 < p < r < 2. 

Proof. Proof. The inclusion C is due to David-Perez-Garcfa [21]. This result 
combined with the previous lemma completes the proof. □ 

With similar arguments one can show that 

Theorem 4.7. If E\, ...,E n have cotype q > 2, then 

for every 1 < s < p < q*. 

Remark 4.8. Using the estimates for the norms in [TH Lemma 2.23] it is possible 
to get estimates for the norms of the spaces of multiple summing mappings in 
the above theorems. 

4.3. Inclusions and coincidences for multilinear operators on £oo-spaces. 

As for absolutely summing multilinear operators in Theorem 13 .101 one can obtain 
the following inclusion result for multiple summing operators on £oo-spaces: 

Theorem 4.9. Let 1 < p < r < oo and E\,...,E n all Coo-spaces. Then 
Cms,pi,E\ , . . . , E n , F^j C C ms r (-Ei , . . . , E ni F) . 

Proof. Choose < 9 < 1 such that 1/r = (1 — 9)/p and apply Proposition 14.31 (i) 
with q = qi = ■ ■ ■ = q n = oo and p\ — ■ ■ ■ — p n — p. □ 

The following (formally) improves upon Corollary 13.111 

Corollary 4.10. Let E±, . . . , E n all be Coo-spaces, and F of cotype 2. Then 
C(E X , . . . , E n ; F) = C ms , r {E x , E n ; F) for all 2 < r < oo. 

Proof. Just recall that under our hypothesis we have C(E\, . . . , E n ; F) = 
C ms ,2(E 1 , . . . , E n ; F) ([51 Theorem 3.1]), and then use Theorem 14.91 □ 

5. BOHNENBLUST-HlLLE TYPE RESULTS 

5.1. A vector valued result. Although in this section we mainly consider mul- 
tilinear forms, let us start with a more general result. We will need the following 
lemma due to David Perez- Garcia [201 Teorema 5.2] and Marcela Souza [251 Teo- 
rema 1.7.3] (see also Theorem 3.2]): 

Lemma 5.1. If F has cotype q > 2, then for any Banach spaces E\, . . . , E n we 

have 

C(Ei, . . . , E n ; F) = C ms ( q] i)(Ei, . . . , E n ; F). 

Also, we need a refinement of [231 3.16] (the proof is essentially the same, so 
we omit it). 
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Lemma 5.2. Let 1 < p x , . . . ,p n < q < oo, and let Ei for i G {1, . . . , n} be an Coo- 
space and Pi < q. Then a multilinear operator T G C(E ly . . . ,E n ;F) is multiple 
(q;pi, ■ ■ ■ ,p n )-summing if and only if it is multiple (q;pi, ■ ■ ■ ,pi, ■ ■ ■ ,p n )-summing 
for all 1 < pi < q. 

Proposition 5.3. Let F be of finite cotype q > 2. Then for r > q, 

)(Ei, ■■■■> E n ; F) 

provided that for each i = 1, . . . , n one of the following conditions holds: 

(i) Ei is an Coo-space and 1 < Pi < r; 

(ii) Ei is of cotype 2 and — = ^ + ~; 

(Hi) Ei is of cotype Sj > 2 and — > — + —; 

Pi &i T 

(iv) p.-, = 1. 

Proof. If T £ C(E\, . . . ,E n ;F), then from Lemma [5.11 and Lemma [4.21 we have 

T G £ m *(g;l,...,l)(-E'l, • • • > E n ] F) fl C ms ( o,q 1 ...,q n ){E 1 , . . . , E n \ F) 

with 

{=2 if Ei has cotype 2 or Ei is an Coo — space, 
< s* if Ei has cotype Sj > 2. 

Then use Proposition 14.31 with 9 = 1 — -. If is an /^-space, we apply 
Lemma [5.21 to improve the corresponding summability index. □ 

5.2. Multilinear forms on spaces with finite cotype. For F = K, we can 

do much better. This requires a little preparation. 

Proposition 5.4. Let q > 2 and n > 1. If Ex, . . . ,E n are Banach spaces and 

£(E U . . . , E n ; K) = £ ms ( g;gi ,..., gn )(-E , i, • • • , -En! IK), 
i/ien /or any Banach space E n+ % we have 

C(E U . . . j -E n -|_i; K) — £ ms (q;gi,...,g„,l) j E n+ i; IK). 

Proof. Let 

(xS r r) )™ =1 C £ r , r = 1, ...,n and ( % )f =1 C £ n+1 
be given. For sake of abbreviation we put 

x; = (x\l\ xfj) for i = (ii, ...,i n ). 
Define S G C(E n+ x] l q ) by 

S'Cl/) = ( T ( x i> 2/)ie{l,...,m}«, 0,0,...) G 
Since l g has cotype q we have 5 G C as (q;i){E n +i] l q ), and 

||£||as( 3 ;l) < coll'S'll 
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for some Cq > (not depending on m). Further, we have (using the hypothesis) 

HSH sup \\S(y)\\ q = sup (j2\T(^y)A 

y eE >E n+1 y^ B E n+1 \ i J 

n 

< SUP \\T(-,y)\\ ms{ g. t g u ^g n) ]J\\(x^)f r=l \\ w ^ 

y eB E n+1 r= i 

n 

< sup Cl \\T(.^]J\\(x^)f r=1 \\ w , qr 

r=l 

for some C\ > (not depending on m). So we have 

1/9 / \ 1/9 

EEi r ( x ^)i 9 J = (£ii%i 19 

< ||£|L( ? ;l)||(^)jlllUl 

< co\\S\\\\( yi )f =1 Ui 

n 



<co C1 iitii n 



\\{X jr Jj r =l\\w,q r | \\\yjjj=l\\w,l 

r=l 



which completes the proof. □ 

The following result appears in [8j Proposition 3.5]. For the sake of complete- 
ness we present a proof: 

Corollary 5.5. Let q > 2 and n > 2. If E±, . . . , E n are Banach spaces, then 

C(Ei, . . . , E n ; K) = £ ms (q;l,...,l,r){El-i ■ ■ ■ i En] K) 

for every 1 < r < q. 

Proof. It is obvious that we just need to consider the case r = q. 
We know that 

C(E n ; K) = C as [ q . q ){E n ; IK). 
So, from Proposition 15.41 we have 

£{E n -i, E n ; K) = £ ms (g ; i ig )(_E n _i, i? n ; K). 

By repeating this procedure we get 

C(Ei, . . . , E n ; K) = £ TOS ( 9; i,...,i,g)(^i, • • • , -En; IK). 

□ 
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We can now state our variant of the Bohnenblust-Hille result. Recall from the 
introduction that this, by a suitable reformulation, says that C(Ei, . . . , E n ; K) = 
C mc ( 2n a d(Ei, . . . , E n ; K) for all Banach spaces Ei, . . . , E n . Clearly, for n — > 

' n + 1 ' ' 

oo, the first index tends to 2. Our result below gives information under which con- 
ditions on the spaces and the indices involved every multilinear form is multiple 
(2;p u ... , p n )-summing. 

Theorem 5.6. Let Ex, . . . , E n be Banach spaces with finite cotype. Then 



C(E U . . . , E n ; K) — ^ ms(2;p («) i ... )P W ) (^i ) ■■■,E n \ 



where 



P 



O) _ J 2n-l 



if Ei is of cotype 2, 



(n— 1)94,0+1 



z/ -Ej is o/ cotype g, > 2 and 1 < g i0 < g* 



Proof. We are going to prove by induction over n. The case n = 1 is trivial. 

Suppose now that the result is true for some n. Let us consider any (n + 1)- 
linear form T G £{Ei, . . . , E n , E n+ i, IK). From Proposition 15 .41 and our hypothesis 
on Ei , . . . , E n we know that 

(8) 

with p- n ^ as in the formulation of the theorem. From Corollary 15.51 we know that 

T G £ms(2;l,...,l,r n+1 )(Ei, • • • , E n+ i \ IK), 



where we choose 
r n +i : = 



2 if -En+i is of cotype 2, 

g n+ i i0 if E n+l is of cotype q n+1 > 2 and g„ + i i0 < g* +1 . 



Now we use Proposition 14.31 with 6* = Note that for i = 1, . . . , n it is 



i 



1-9 

+ 



2(n + l) 



if is of cotype 2, 



_ 2(n + l)-l 

pj n+1) ~ Pi n) 1 1 t"+i)«.o if E * is of cot yp e * > 2 ' 



-1 



and 



i 



e i-e 



2(n + l) 
2(n + l)-l 



if £? n+ i is of cotype 2, 



pjj 1 ) ' 1 r n+i I (n+i)L + i, if E n+i is of cotype g n+ i > 2. 

™9n + l,0 + 1 



So we get 



and the case n + 1 is done. □ 
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Corollary 5.7. Let n > 1 and let E\ , . . . , E n be Banach spaces of cotype 2. Then 
C(E 1 , ...,E n ;K) = C m 2» J Ei, ...,E n ;K). 

\ ' 2n— 1 < 

Remark 5.8. (a) Note that the Defant-Voigt theorem together with the in- 
clusion formula for absolutely (q;pi, ■ ■ ■ ,p n ) -summing operators in Propo- 
sition 13.41 implies that 

C{Ei, E n ; K) = £ as(2 .^) (E 1 , E n ; K) 

v 1 2n — 1 } 

for all Banach spaces Ei, . . . ,E n . Thus, one can view the above corollary 
as a variant of the Defant-Voigt theorem for multiple summing operators on 
cotype 2 spaces. 

(b) In [7J Theorem 2.3] it was shown that C{Ei, . . . , E n ; K) = 
C ms (2 m )(Ei, ...,E n ;K) with q k = ^ffttt and k sucl1 tliat 2 k ~ x < n < 2 fc if 
Ei , . . . , E n are all of cotype 2. In particular, for n = 2 h it is = ^zr- m 
fact, our theorem above now shows that this is valid for n arbitrary and that 
our estimates improve the previous from [7J Theorem 2.3]. Just to give an 
example, if n = 3, [3, Theorem 2.3] gives that 

C(E U E 2 , E 3 ; K) = C^s^Ei, E 2 , E 3 ; K). 

On the other hand our result gives 

C{E X , E 2 , E 3 ; K) = ^.i^Si, £ 2 , £ 3 ; K). 

In the case that all spaces involved have cotype q > 2, we get the following 
analog: 

Corollary 5.9. Let n > 1 and Zet £a, . . . ,E n be Banach spaces of cotype q > 2. 
Taen 

. . . , _E n ; K) = £ ms ( 2; _^i T - e )(-E , i, • • • , E n ; K) 
for all e > sufficiently small. 

Proof. By Theorem 15.61 one gets that C(Ei, . . . , E n ;"K) = 
C (2 . ng* \(Ei, ••• ,E n ; K) for all £ > sufficiently small. An elementary 

* — l)q* + l ' 

calculation now shows that -, — , , 1 = □ 

(n— l)q*+l gn— 1 

Further interpolation with the original Bohnenblust-Hille result and 
Lemma 14.21 respectively, gives us the following more general statement: 

Corollary 5.10. Let Ei,...,E n be Banach spaces with finite cotype, and let 
< r < oo. Then 

n+l — 

C(Ei, . . . , E n ; K) = £ ms ( r , r w^ ^)- ) (E 1 , . . . , E n ; K), 
where for % = 1, . . . , n 

1 W + \ ~ max(r,2)n Z / E * %S °f C ° l ^ e 2 > 



(«) \ j_ _| 2_ 2 — ^ n ^ t co type q { > 2 and 1 < q { < a*. 
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Proof, (i) The case ^ < r < 2: 
By ([2]) we know that 

C(Ei, ...,E n ;K) = C ms ,^n ; i ... } E n ; K), 

and by Theorem 15.61 

£(£a, . . . , E n ; K) = ^ ms(2; pW r ..,pW)(^i! • • • > ^n! ^)) 

where p[ n \ i = 1, . . . , n are as in the statement of the theorem. Now let < 
r < 2. Then Proposition 14.31 with 9 — (n + 1) — — gives 

. . . , E n ; K) = ^w^ ^j (Si, . . . , £„; K), 



where for % = 1 , . . . , n 



1-0 i e{2n-l) 1,1 1 

1 2n 2 r 2n 

1-6* | %i,o*»i--l) _ 1 i 2 



+ ~ - i if is of cotype 2, 

— H ^ V if is of cotype Oj > 2 



(«) J 1 ?i,0*" <?i,0 ^iJi.O* 9i,0*« 

and 1 < g i0 < q*. 



i 



(ii) The case r > 2: 
By Lemma 14.21 we know that 

C(Ei, . . . , E n ; K) = £ Trl s(oo;ti,...,t n )(-E'i) • • • 5 E n 



where we choose for i = 1, . . . , n 



1 J \ if Ei is of cotype 2, 

^ if is of cotype q,i > 2 and 1 < g^o < <?*. 

C(Ei, ...,E n ;K) = C ,„ («) (nh(£i, . . . , £ n ; K) 



By Theorem 15.61 

fR, R _ / , 

ms(2;p\ \...,p\ ') 



where for % = 1, . . . , n 

1 + if ^ is of cotype 2, 

in) ~ ) J_ _|_ _J_ L_ jf R i s f cotype a > 2 and 1 < a < o*. 

Now Proposition 14.31 with 9 = 2/r gives the claim. □ 

Remark 5.11. (a) Note that in the linear case, C a s(q ;p ) Q £as(qy,pi) whenever 
(Zo < <7i, Po < Pi an d ^ — — < — — Moreover, if i£ is of cotype 2, then 
£as(q Q ; P0 )(E; F) = C as ( qim )(E; F) if additionally p < Pi < 2 and ^ - ^ = 
i — i. It is not known if there is any close analog for multiple (q; p)-summing 
operators, but we observe that if in the above corollary all spaces involved 
are of cotype 2, then the indices associated satisfy — £ = for all 

i 

-^r < r < 2. So, if there was some similar inclusion formula at least for 

n+l — — ' 

multiple (q; p)-summing multilinear forms, the above result for r < 2 would 
immediately follow from the original Bohnenblust-Hille result. In Corollary 
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15.161 we will show that there is no such result for the case of bilinear forms 
on Hilbert spaces. 

(b) For r > 2, the above corollary shows in which sense Theorem 15.61 improves 
upon Proposition 15.31 for the special case F = K and q = 2. 

(c) A natural question is whether the estimates of Corollary 15. 101 are optimal. In 
the next section we show that, in some sense, for the case of Hilbert spaces 
our results are optimal. 

We continue with a statement where spaces with finite cotype are mixed up 
with arbitrary spaces. 

Corollary 5.12. Let E\,...,E n be Banach spaces with finite cotype, 
E n+ i, . . . E n+ k be Coo-spaces and E n+k+ i, . . . , E n+k +i be arbitrary Banach spaces, 
and let -^r < r < oo. Then 

n+l — 

C(E h E n+k+e ; K) = ^ nM(p . r W ) ... ir W ir _ 6> „. )r _ B)li ... )1) (-Si, ■ ■ ■ , K+k+e] K) 

for all e > sufficiently small and , i — 1, . . . ,n as in Corollary \5.1(A 

Proof. By iteration, Corollary 15.101 and Proposition 15.41 give 

£(Ei, . . . , E n+k+ e; K) = A ms ( r ,. r («) v .. ir ( i «) ili ... ilili ... il )(-Si, • • • , E n+k+i ; K). 

By Lemma 15.21 one can improve the indices associated to the £oo-spaces to be as 
close to r as wanted. □ 

5.3. Optimality of the Bohnenblust-Hille type results. Finally we show 
that the above results are partially optimal. This is essentially based on a mul- 
tilinear version of Chevet's inequality. 

Lemma 5.13. For all n G N there exists a constant d n > such that for all 
m G N there exists an n-linear form (p m : I™ x ■ ■ • x I™ —>■ K with ||y? m || < d n ma 
of the form 

in 

jlvjn = l 

where e ju ... Jn G {-1, 1}. 

Proof. First recall the identification £( n (7™); IK) = I™ ® £ • • • <g) e I™ (isometrically) , 
where the latter denotes the n-fold injective tensor product of I™. Now take a 
family (gj u ...j n ) of independent standard Gaussian random variables. Then by 
the n-linear version of Chevet's inequality in [TTJ Lemma 6] and by [21)1 p. 329] 
there exist d n > and k > such that 

/m „ m 

II 9h,-jn e h ® • * • ® e 3n\W®e-®elf d ^ < I \\ ^ 9i e i II l™ d [l<Kd n m^ . 

Jl,-Jn=l ' i=l 
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Now take a family (e^ 3 - n ) of independent Bernouilli random variables. It is 
well-known that (up to a universal constant) Bernouilli averages are dominated 
by Gaussian averages, thus there exists a constant d n > such that 



/m 
II £ h,-,jn e ji 



Jn 11*2 

jl,...,j„ = l 

Now since these Bernouilli averages are dominated (up to the constant d n ) by 
ma, there exists an n-linear form (p m as desired. □ 

This now gives the following partially optimal statement for n-linear forms on 
Hilbert spaces: 



Theorem 5.14. Let Hi, ... , H n be Hilbert spaces and < r < oo. Th 
C[Hi, . . . , H n ; K) = £ ms ( r;r . n )(if 1 , . . . , H n 

where 

111 1 
+ - - 



k=l 



W,Pn 



r n 2 r max(r, 2)n 
F° r — r — 2, £/ie parameter r n is best possible. 

Proof. By Corollary 15. 101 and the trivial fact that any Hilbert space is of cotype 2, 
it remains to show optimality for < r < 2. Without loss of generality we may 
assume that all Hilbert spaces involved are infinite-dimensional. Assume that 

C(Hx, . . . , H n ; K) = £ ms ( r]Pn )(Hi, . . . , if n ; IK) 

with 1 < p n < 2. Then there exists C n > independent of m and T G 
£(Hi, . . . , if n ; K) such that 

/ m \ X I T 

(9) e |T(^,...,^)r <c B ||T|iji 

\jl,-Jn = l / 

for every m G N and Xj- G -f/'/t, j = 1, m and fc = 1, n. Now we may assume 
that Hk = I™, and x^ = e.,-. Then the right-handside in ([9]) equals 

C n \\T\\ ||id : Z™ -> Z™ ||" = C„||T|| m£~*. 

Now by Lemma 15.131 there exists an ra-linear form (p m : Z™ x • • ■ x I™ — > K with 
ll^mll < d n 777,2 of the form 

m 

ii,...,j„=i 

where £j u ...j n G {—1, 1}- For this Ti-linear form, the right-handside in ([9]) now 

~ n n i l ~ 

can be estimated from above by C n mp™ 2 2 for some other constant C n > 
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independent of m and (p m , whereas the left-handside equals m™. Thus, 



1^11 1 1 

p n ~ 2 r 2n r n 



and hence p n < r n . 



□ 



We conjecture that our result in the case r > 2 is also optimal; this conjecture 
is motivated by the upcoming proposition which deals with the case n = 2. 

Proposition 5.15. Let 2 < r < oo. Then for 1 < p < r the following are 
equivalent: 

(i) C(l 2 j2',^) = £ms{r; P )(h,h'-,l&); 
(li) £(Z 2 ,£2;K) = £aa(r;p)(k,k;K); 

Proof. By Corollary 15 .101 and the inclusion C ms (r;p) C £ as ( r;p ) we only have to show 
that (ii) implies (iii). Assume that (ii) holds, and consider the bilinear operator 
T(x, y) := YliLx x iVt-, x i V e h, which is of norm 1 by the Holder inequality Then 
by definition of the absolutely (r; p)-summing norm and (ii) there exists C > 
(independent of rn) such that 



l/r 



EiT<«j",«f>)r 

for every m G N and a^- G E^, j 



< C 



w,p 



(4 2) ) 



w,p 



m and k = 1,2. Now choose x 



(k) 



for j 



1, m and k 



1,2. Then 



l/r 



£|T(4M 2) )l' 



l/r 



and 



(2)> 



^=1 



lid : J? 



w,p 



m 



im 11 2 
L p II 



max(^-l.O) 

m p . 



This now implies p < 2 and - < - — 1, and therefore (iii). 



□ 



With regard to the remark after Corollary 15.101 this immediately implies the 
following supplement to the non-existence of a general inclusion result of the 
type £ ms ,q C C ms , qi whenever 1 < q < qi < 00 in [21] - note that nevertheless 
C mSl i(Hi, . . . , H n ; K) = C mS!q (Hi, . . . , H n ; K) for all 1 < q < 00 by [21] and hence, 



C 



ms,qo 



(Hi 



H„ 



c C 



ms,q\ 



(Hi 



whenever 1 < q < q\ < 00. 



Corollary 5.16. There does not exist a general inclusion result of the type 

go 



£ms(q ;p ) ^ £ms{qi; P i) whenever p < p x and £ - i < £ - no£ even /or 



bilinear forms on Hilbert spaces. 



Po 



Pi 



91 
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Proof. Assume that such a general inclusion result would hold. Then the orig- 
inal Bohnenblust-Hille result would imply that C(h, h',^) = ^ms(r;p)(^j2i K) 
whenever r > 2 and 1 < p < r are such that 

i-4<I-i. 

4/3 p r 

However, since r > 2, this would contradict i > \ + ^ from the above proposition 
(for example, when r = 4 and p = 2). □ 

Optimality of coincidences for multiple summing operators on Hilbert spaces 
has a great effect on optimality of coincidences for operators on so-called K- 
convex spaces. For this notion, we refer to [H]; a fundamental characterization 
due to G. Pisier says that a Banach space is i^-convex if and only if it is of 
non-trvial type (see. e.g., [HI Theorem 13.3]). 

Lemma 5.17. Let Ei,...,E n be K-convex Banach spaces, F be an arbitrary 
Banach space, 1 < r < oo and 1 < n, ■ ■ ■ ,r n < r. Then C{E\, . . . , E n ; F) = 
)(E X , . . . , E n ; F) implies £( n l 2 ] F) = £ ms ( r;rii . ..,,.„)(%; F) . 

Proof. This follows by standard arguments from the fact that a Banach space is 
K-convex if and only if it contains the 1% 's uniformly and uniformly complemented 
(see, e.g., [HJ Theorem 19.3]). □ 

We now can state in which sense some of our Bohnenblust-Hille type theorems 
are optimal also for multilinear forms on arbitrary Banach spaces; note that, e.g., 
l p for 1 < p < 2 is of cotype 2 as well as i^-convex. 

Corollary 5.18. For ^ < r < 2 and E u . . . , E n all K -convex Banach spaces 
of cotype 2, the result from Corollary 1 5.1 (A is best possible. 

Proof. This immediately follows from Theorem 15.141 and Lemma 15.171 □ 

Remark 5.19. The space l\ is of cotype 2 but not f^-convex, and Corollary 15 .101 
is far from being best possible for multilinear forms on n l\\ Every multilinear 
operator from n l\ into a Hilbert space is multiple r-summing for all 1 < r < 2 
(see [5]). Thus, the K-convexity condition for optimality is not superfluous and 
seems to be quite appropriate. 

We finish with the following generalization of [TQl Remark 2.1], where the case 
r = 2 is treated. Although it can be proved by other means, it shows in which 
sense our more abstract coincidence result for multiple summing operators can be 
used to obtain inequalities more closely related to the original Bohnenblust-Hille 
inequality. 

Corollary 5.20. Let T G £( n /2;K) and 1 < r < oo. Then for some constant 
C n > not depending on m and T, the following hold: 
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(%) If I <r < 2, then 

E l^- 1 ,-,e i jr <C n m^\\T\\, 

Vilv,jn = l / 

and the exponent - — | is best possible, 
(ii) If2<r< oo, then 

E l T ( e Ji»— > e jJT J ^ C nm^\\T\\, 

\jl,—,jn=l / 

and the exponent zs 6est possible when n = 2. 

Proof, (ii) The estimate follows from Theorem 15.141 and similar reasoning as in 
its proof. Alternatively, one may use (TOl Remark 2.1] (the case r = 2) and the 
fact that for 2 < r < oo the space Vf 1 is of power type 1 — - with respect to the 
interpolation couple (Z^ 1 , ); note that this even shows that one may choose 
C n = 1. The optimality for n = 2 can be seen using the same bilinear form as in 
the proof of Proposition 15.151 

(i) The estimate follows by factorization through I™ from the case r = 2. The 
optimality can be seen by using the n-linear form from Lemma 15.131 □ 

Appendix A. Complexification 

The following definitions and results are essentially based on ideas presented 
in [2"U1 p. 68-70], and we omit the mostly straightforward proofs of the results. 

Let Ebea real Banach space, and define the complex vector space E = E © E 
with the operations 

(x, y) + (u, v) = (x + u, y + v ), x,y,u,v e E, 

(a + i/3)(x,y) = (ax — fly, (3x + ay), x,y G E, a,/3elR. 

This becomes a complex Banach space under the norm 

\\ x + w\\e = \\ x ® e i + V ® e 2\\E®vq, x + iy= (x,y) e E, 

where E CSv l\ denotes the projective tensor product of E with l\. 

If T G C[E\, . . . ,E n ;F) is an operator between real Banach spaces, we define 
its complexification T G C(E\, . . . , E n ; F) by 

f(x 1 '° + ix 1 ' 1 ,...,a: n ' + ix ni1 ) = E * E2=iefc ^(a: 1 ' ei ,...,a; n ' en )- 

With these definitions, one can easily prove the following: 

Proposition A.l. (a) Let T G C(E\, . . . ,E n ;F) be an operator between real 
Banach spaces and T its complexification. If 1 < pi, . . . ,p n , q < oo are such 
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that 1/q < l/pi + . . . l/p n , then T is absolutely (q;p%, ■ ■ ■ ,p n ) -summing if and 
only ifT is. 

(b) Let T G C(Ei, . . . , E n ; F) be an operator between real Banach spaces and 
T its complexification. If 1 < p\,...,p n < q < oo, then T is multiple 
(q;pi, . . . ,p n ) -summing if and only ifT is. 

The following is only a short list of properties of a Banach space which are 
stable under complexification, essentially the ones that we need for our purposes. 

Proposition A. 2. The following properties of a Banach space are stable under 
complexification: 

(a) having cotype q, for 2 < q < oo; 

(b) being an C p -space, for 1 < p < oo. 
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